Introduction.
Let C be a bounded measurable set of points in three-dimensional Euclidean space.1 Let iJ(x, y) be symmetric in its arguments, in L2iC, C), and not almost everywhere zero. Let m(x) be a bounded, measurable, non-negative function on C which is not almost everywhere zero. If in addition there exists a non-negative function vix) in LiiC) which is not almost everywhere zero such that (1) vix) = I Hix, y)uiy)viy)dy, J c then we shall say that «(x) is in the class U. The problem2 is to find a function u0ix) in U which minimizes the integral
If Uoix) is in U, then it is known [2] that there exists a finite or denumerable sequence X" of real characteristic values and a corresponding sequence vnix) of characteristic functions in Z,2(C) such that X" I Hix, y)u0iy)vniy)dy = nn(x), J c
The theorem we wish to prove may be stated as follows: 2. Proof of the theorem. Let u{x) be in U and suppose that v(x) is a non-negative function in L2(C) which is not almost everywhere zero and for which equation (1) holds. By hypothesis (3) f H(x, y)u0(y)dy = 1.
•J c
If we multiply equation (1) by u0(y) and integrate, we find if we make use of the symmetry of H and equation (3) that
Define the sequence k" so that
It is clear that k0' 2:0. In fact, k0' >0, since otherwise u(x)v(x) would vanish almost everywhere and so would v(x) by virtue of equation (1). It follows from equation (4) that
and consequently the first two terms on the right-hand side of equa- In addition it generally happens that Xi<0, so that the inequality u(x) ^\iUo(x) is vacuously true when u(x) is in U, i.e., a true absolute minimum occurs. If the mapping is sense preserving, then the Jacobian, /(/), cannot be negative at any point. If, by analogy with analytic functions, one assumes also that the Jacobian is zero only if the Jacobian matrix has rank zero, then one is led to the study of a family of mappings % where /eg-w(/)^o, J(f) = 0 ->-rank of J is zero.
The purpose of this paper is in part to show that if any real linear vector space of mappings 53 is contained in gf and 53 contains a pair of analytic functions whose derivatives are independent on D, then 93 contains only analytic functions.
We first prove an algebraic lemma upon which the whole characterization rests.
2. Let S be the vector space of all 2X2 matrices of the form _ C"!)
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